Abstract. We investigate several properties of operator-weighted composition maps
Introduction and preliminaries
The purpose of this paper is to investigate qualitative properties of operatorweighted composition operators on spaces of vector-valued analytic functions. To describe the content of the paper we need some notation. If X is a Hausdorff locally convex space, H(D, X) denotes the space of all analytic functions f : D → X. If X = C we simply write H(D). This space is endowed with the topology of uniform convergence on the compact subsets of D; which makes H(D) a (nuclear) Fréchet space. Our notation for locally convex spaces is standard and we refer the reader to [14, 15, 21] . For a locally convex space X, cs(X) is the set of all continuous seminorms on X and B(X) the set of all bounded absolutely convex subsets of X. Given locally convex spaces X and Y , we write L(X, Y ) (or L b (X, Y ) if we want to be more specific) the space of all continuous linear maps from X into Y endowed with the topology of uniform convergence on the bounded subsets of X. If X and Y are Banach spaces, the topology on L b (X, Y ) is the operator norm. A linear operator T : X → Y is called bounded if it maps a neighbourhood of X into a bounded set in Y . Clearly every bounded operator T is continuous. An operator T : X → Y is called Montel if it maps bounded sets in X into relatively compact subsets of Y , and it is called compact (cf. [15] ) if it maps a neighbourhood of X into a relatively compact subset of Y . If X and Y are Banach spaces, an operator T : X → Y is Montel if and only if it is compact.
We next describe the object of our study. Let X and Y be complete, barrelled locally convex spaces. For an analytic self-map ϕ of D and an analytic map ψ : D → L b (X, Y ) we consider the operator
W ψ,ϕ : H(D, X) −→ H(D, Y ), f −→ ψ(f • ϕ).
This notation will be kept through the whole article. In Section 2 we show that it is well defined and continuous and we characterize when it is bounded, Montel or compact. Since H(D) is not a Banach space, it is natural to investigate the unweighted operator W ψ,ϕ : H(D, X) → H(D, Y ) for analytic functions with values in spaces X and Y more general than Banach spaces. Our main result in Section 2 is Theorem 9. It requires a lemma on compact sets, Lemma 8 , that uses tensor product techniques and a result due to Ruess [23] . Concrete examples in case ψ is constant and in case X and Y are Köthe echelon spaces are given in Sections 3 and 4.
In Section 3 we turn our attention to the setting of weighted spaces of vectorvalued analytic functions, extending the work of Laitila and Tylli [16] . 
Our results are also a far reaching extension of some theorems in [6] and [8] . New techniques, and a systematic use of the Cesàro means of the Taylor polynomials, are needed in the present more general setting.
The operators investigated in this paper contain several classes of concrete linear operators. For example, in case that X = Y = C and ψ is an analytic map D → C we obtain the weighted composition operator f → ψ ·(f •ϕ) which combines the classical composition operator C ϕ : f → f • ϕ with the pointwise multiplication operator
For more information about composition operators, we refer the reader to the excellent monographs of Cowen and MacCluer [12] and Shapiro [24] . Many authors have studied composition operators, weighted composition operators and multiplication operators on various spaces of analytic functions. We refer, for instance, to the following articles and to the references therein: [4] , [5] , [6] , [7] , [8] , [9] , [10] , [11] , [17] , [18] and [25] .
Operator-weighted composition operators acting between H(D, X) and H(D, Y )
The following auxiliary result is necessary in the case of analytic functions with values in barrelled locally convex spaces. It is trivial for Banach valued functions, because the duality bilinear function (x, x ) → x, x is continuous on X × X b in this case. 
Now, to complete the proof, we have to show that the first summand tends to
by the continuity of h 2 . Given ε > 0, we apply that X is barrelled to get that K is equicontinuous in X . Hence there is k 1 ≥ k 0 such that for every
The proof is complete. 
is well-defined.
Since Y is complete, by a classical result of Grothendieck [14, Section 16.7] , it is enough to prove that y
. We apply Lemma 1 to obtain that the map from D to C given by
is analytic.
The following auxiliary linear operator plays an important role in our characterizations. It was introduced in the case of Banach valued functions by Laitila and Tylli in Section 3 of [16] .
We consider the operator 
for every x ∈ X and every z ∈ D, the conclusion follows. 
This shows that the operator is continuous.
Theorem 6. Let X and Y be complete barrelled locally convex spaces. Let
ϕ : D → D and ψ : D → L b (X, Y ), ψ = 0, be analytic mappings. Then the operator W ψ,ϕ : H(D, X) → H(D,
Y ) is bounded if and only if the following conditions hold:
(a)
Proof. First we assume that conditions (a) and (b) hold. From (a) it follows that there is a seminorm p ∈ cs(X) such that for every compact set K ⊂ D and for every q ∈ cs(Y ) we can find λ > 0 such that
Select K 0 := {z ∈ C; |z| ≤ r 0 } with r 0 as in condition (b) and define
For every compact set K ⊂ D and q ∈ cs(Y ) we put
and obtain, from (b),
It remains to show the converse. Obviously T ψ is bounded by Remark 4. Since
is bounded, we find 0 < r 0 < 1 and p ∈ cs(X) such that for every 0 < r < 1 and every q ∈ cs(Y ) there is λ > 0 such that for every
Applying this inequality for the maps f
for every q ∈ cs(Y ), k ∈ N 0 and x ∈ X. In particular, for k = 0 and 0 < r < 1 arbitrary, we get sup
Next, we apply (2.1) to get, for each 0 < r < 1,
for every k ∈ N 0 . Taking the k-th roots and letting r go to 1 we obtain |ϕ(z)| ≤ r 0 for every z ∈ D, and (b) follows.
In our next results, we use the following notation (cf. 
Lemma 7. Let Y be a complete locally convex space. A bounded subset H ⊂ L e (H(D) co , Y ) is precompact if and only if H(U
• ) is precompact in Y for every U ∈ U 0 (H(D)). Proof. By [23, Theorem 1.5], a subset H ⊂ L e (H(D) co , Y ) is precompact if and only if (a) H(U • ) is precompact in Y for every absolutely convex neighbourhood U in H(D) and (b) H (y ) := {y • h; h ∈ H} is precompact in H(D) for every y ∈ Y . Since H(D, Y ) ∼ = L e (H(D) co , Y ) by [14, Section 16.7], every bounded subset H of L e (H(D) co , Y ) satisfies (b) by Montel's theorem.
Lemma 8. Let Y be a complete locally convex space and let C be a bounded subset of H(D, Y ). The set C is precompact if and only if for every compact subset
Proof. To present the proof we must briefly recall the isomorphism
. We use this identification in the rest of the proof.
First assume that C is a precompact subset of
and C(K) is precompact, too.
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To prove the converse we apply Lemma 7. Fix an absolutely convex neighbourhood U in H(D) and select ε > 0 and a compact subset K of D such that εU 
Proof. Remark 4 implies that (c) follows from (a). , n = 0, 1, 2, . . ., and the corresponding auxiliary operators T ψn . We will see that T ψn is a Montel operator for each n, and that H(D, Y ) ) when n tends to infinity. Let B be a bounded set in X, then A m (B) is relatively compact in Y for each m = 0, 1, . . . , n. The closure of the absolutely convex hull of the union of these sets is compact in Y , that is, the set
which proves that T ψn is a Montel operator. To conclude the proof, we see that H(D, Y ) ). If B is a bounded set in X, 0 < R < 1 and q is a continuous seminorm in Y , we have
It remains to show that (b) implies (a). Take a bounded set B in H(D, X). Since B is bounded for every compact set K in D and every continuous seminorm p in X, we have sup
In particular, as ϕ(K) is a compact set in D, we also have
for every continuous seminorm p in X. Therefore, the set
for f ∈ B and z ∈ K, by Lemma 8 again, we conclude that (
The following conditions hold:
Proof. First, we suppose that W ψ,ϕ is compact. Since T ψ inherits the properties of W ψ,ϕ by Remark 4 (i), we have that T ψ is compact. Moreover, the condition (b) follows from Theorem 6, since the operator W ψ,ϕ is bounded.
To prove that (2) implies (1), we select r 0 as in condition 2.(b) and set
is precompact in Y , for each compact set K in D, by Lemma 8. We consider
We show that W ψ,ϕ (V ) is precompact in H(D, Y ). From Lemma 8 it suffices to check that for all compact sets K in D, the sets
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is precompact in Y .
Operator-weighted composition operators acting between weighted spaces H
In this section we study the operator-weighted composition operators acting between weighted spaces. In the formulation of our results we need the associated weights of [2] . For a weight v on D the corresponding associated weightṽ is defined byṽ
where ||f || v := sup z∈D v(z)|f (z)| and δ z denotes the point evaluation of z ∈ D. By [2] we know that associated weights are continuous,ṽ ≥ v > 0 and that for each z ∈ D we can find
.
It is well known that H ∞ v (D) is isometrically isomorphic to H ∞ v (D). Applying the Hahn-Banach theorem we conclude

Lemma 11. Let X be a complete barrelled locally convex space. For every p ∈ cs(X) and every f ∈ H
∞ v (D, X) we have sup ξ∈Dṽ (ξ)p(f (ξ)) = sup z∈D v(z)p(f (z)).
Proposition 12. Let X and Y be complete barrelled locally convex spaces. Let
ϕ : D → D and ψ : D → L b (X, Y ) be analytic maps. The operator W ψ,ϕ : H ∞ v (D, X) → H ∞ w (D, Y ), f → (W ψ,ϕ f )(z) = ψ(z)[f (ϕ(z))
] is continuous if and only if the set
Proof. First, assume that the set {
for every x ∈ X and every z ∈ D.
and the operator W ψ,ϕ :
is continuous. We prove the converse by contradiction: Assume that the set {
Since X is barrelled, this means that we can find an element x ∈ X such that the set {
Thus there exists y ∈ Y such that { w(z) v(ϕ(z))
y (ψ(z)[x]); z ∈ D} is not bounded in C, and we can find a sequence (z n ) n ⊂ D such that
for every n ∈ N, with x chosen above. The sequence (g n ) n is bounded in H ∞ v (D, X) since for every p ∈ cs(X) and every z ∈ D we have
With y ∈ Y selected as above, we put q(s) := |y (s)| ∈ cs(Y ). Then there exists a constant M > 0 such that for every z ∈ D and every n ∈ N
This is a contradiction. 
Recall that a subset C of L(X, Y ) is called equibounded if there is a neighbourhood
U in X such that {T (x) | x ∈ U, T ∈ C} is bounded in Y .w(z) v(ϕ(z)) ψ(z); z ∈ D is equibounded in L b (X, Y ).
Proof. It is very similar to the proof of Proposition 12, once you have in mind that
{ w(z) v(ϕ(z)) ψ(z); z ∈ D} is equibounded in L b (X, Y ) if
and only if there is p ∈ cs(X)
such that for every q ∈ cs(Y ) there is a constant λ q > 0 with
Let X be a complete barrelled locally convex space. In the proof of Theorem 14 we denote, for every k ∈ N 0 , 
Proof. Let us first assume that conditions (a) and (b) are satisfied. We will approximate the operator W ψ,ϕ by a sequence of Montel operators in
To do this we consider the Cesàro sums given by
Since T ψ is a Montel operator and the q are continuous we obtain that W ψ,ϕ C m is a Montel operator for every m ∈ N 0 , as desired. Now, we show that
To do this, we fix a bounded set C in H ∞ v (D, X) as well as q ∈ cs(Y ) and have to show
We setB
and we take
We claim that B is bounded in X. Indeed, if p ∈ cs(X), there is a constant M p such that sup
Moreover, for each m ∈ N, z ∈ D, and f ∈ C, we can apply [1,
> 0 as in (b). To prove (3.4) we split the estimate as follows
where
We analyze first (s 1 ). We use the simple estimate
For |ϕ(z)| > r 0 , we have
Therefore, (s 1 ) ≤ ε for each m. Next, we study (s 2 ). Observe first, that for f ∈ C we have at least formally,
satisfying (3.5), there exists n 0 such that, for n ≥ n 0 ,
The proof is complete.
The following consequences should be compared with some results presented in [8] . 
is continuous if and only if the composition operator
Complete characterizations of the continuity and compactness of composition operators
in terms of the weights v and w and the symbol ϕ were obtained [7] , [4] and [11] .
The following result gives a sufficient condition to obtain a version of the equivalence between (b) and (c) in Theorem 9 for the case of weighted spaces. Such a result should be compared with [16, Theorem 4.4] , that treats the case of Banach valued analytic functions. In order to get the equivalence, it is necessary to put some restrictions on ψ; see Theorem 22.
For a weight function v, we define the following space: (a) The operator
Proof. Condition (a) implies condition (b) as a consequence of Remark 4 (ii). We prove then that (b) implies (a). Since ψ is analytic, we can write
By the Cauchy Integral Formula for the coefficients A , it follows that A is a Montel operator from X to Y . See, e.g., [22] 
Analytic dependence of diagonal operators in values of Köthe spaces
In this section we restrict our attention to operator weighted composition operators between spaces of analytic functions on the unit disc with values in a Köthe echelon space. The image ψ(z) is a diagonal operator for each z ∈ D.
We refer the reader to [21] and [3] for a detailed study of Köthe echelon spaces. We recall here a few definitions. A matrix A = (a n (i)) i,n∈N of non-negative numbers if called a Köthe matrix if it satisfies the following conditions:
(1) For each i ∈ N there is n ∈ N with a n (i) > 0.
and for p = ∞ and p = 0:
The spaces λ p (A), 1 ≤ p ≤ ∞ and p = 0 are Fréchet spaces with a fundamental sequence of seminorms (q n ) n∈N . From now on, we write λ p = λ p (A) and we fix a weight function w on D.
is well-defined, continuous and analytic.
Proof. It is easy to see that ψ(z) is continuous for each
To check this, fix a bounded set B ⊂ λ p and n ∈ N, and estimate as follows, for 1 ≤ p < ∞,
for some constant C R > 0 that depends on R and the bounded sequence (f i ) i∈N . The cases p = 0 or p = ∞ are easier.
To prove that ψ is analytic, by a result of Grosse-Erdmann [13, Theorem 1], we have only to show that γ
It is easy to see that G is a weak
we can identify it with a sequence (u i ) i∈N such that for each y = (y i ) i∈N ∈ λ p , we have ∞ i=1 |u i y i | < ∞ by the Köthe duality (see [21, Chapter 27]). Therefore
defines an analytic function on D.
If p = ∞, we repeat the proof with G :
The following essentially well-known lemma follows from the characterization of bounded sets in a Köthe echelon space in [3] .
h j − h k w ≥ ε 0 /2 and (f j ) j∈N tends to 0 for the compact-open topology. We finish this section with an example in the setting of Köthe echelon spaces which shows that a result like Theorem 9 is not true in general if we replace being a Montel operator by being bounded. . For every n ∈ N,
hence a n (i)|z| Then, there is m ∈ N such that for each n ∈ N and 0 < R < 1, we have R n R ≤ R m . Letting n → ∞, there is m ∈ N such that 2R ≤ 1 + m m+1 for all 0 < R < 1, a contradiction.
